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Goals

Computing the spectrum:

find 𝑠 ∈ ℂ such that

det(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠) = 0.

Computing the 𝐻2-norm:

max
0<𝛼<∞

( 1
2𝜋

∫
∞

−∞
‖𝐺(𝛼 + 𝑖𝛽)‖2

𝐹 d𝛽)
1
2
.
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det(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠) = 0.

Computing the 𝐻2-norm:

max
0<𝛼<∞

( 1
2𝜋

∫
∞

−∞
‖𝐺(𝛼 + 𝑖𝛽)‖2

𝐹 d𝛽)
1
2
.

Idea: use a delay-free ‘proxy’ model.
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Today’s model

𝐱̇(𝑡) = ∑
𝑚

𝑘=0
𝐴𝑘 𝐱(𝑡 − 𝜏𝑘 ) + 𝐵𝐮(𝑡),

𝐲(𝑡) = 𝐶𝐱(𝑡).
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Today’s model

𝐱̇(𝑡) = ∑
𝑚

𝑘=0
𝐴𝑘 𝐱(𝑡 − 𝜏𝑘 ) + 𝐵𝐮(𝑡),

𝐲(𝑡) = 𝐶𝐱(𝑡),

with transfer function

𝐺(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠)−1𝐵.

2



The advection PDE perspective

−𝜏𝑚 𝑡

𝐱(𝑡)

0

𝜉0
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The advection PDE perspective

−𝜏𝑚 𝑡′ − 𝜏𝑚 𝑡′ 𝑡

𝐱(𝑡)

0

𝜉0 𝜉𝑡′
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The advection PDE perspective

( 𝜀0
Id ) ̇𝜉𝑡 = (

∑𝑚
𝑘=0 𝐴𝑘 𝜀−𝜏𝑘

𝒟︀
) 𝜉𝑡 + (𝐵

𝟎) 𝐮(𝑡),

𝐲(𝑡) = 𝐶𝜀0𝜉𝑡 .

4



The advection PDE perspective → the discretization

( 𝜀0
𝒯︀𝑁−1

) ̇𝜉𝑡𝑁 = (
∑𝑚

𝑘=0 𝐴𝑘 𝜀−𝜏𝑘

𝒟︀
) 𝜉𝑡𝑁 + (𝐵

𝟎) 𝐮(𝑡),

𝐲𝑁(𝑡) = 𝐶𝜀0𝜉𝑡𝑁 ,

where 𝒯︀𝑁−1𝜉 = 𝜉 − ⟨𝜉,𝜑𝑁⟩
‖𝜑𝑁‖2 𝜑𝑁 .

See P. & Michiels (2024) and Ito & Teglas (1986).
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The advection PDE perspective → the discretization

( 𝜀0
𝒯︀𝑁−1

) ̇𝜉𝑡𝑁 = (
∑𝑚

𝑘=0 𝐴𝑘 𝜀−𝜏𝑘

𝒟︀
) 𝜉𝑡𝑁 + (𝐵

𝟎) 𝐮(𝑡),

𝐲𝑁(𝑡) = 𝐶𝜀0𝜉𝑡𝑁 .

As 𝜑𝑁(0) ≠ 0, ker 𝜀0 ∩ ker 𝒯︀𝑁−1 is trivial.

See P. & Michiels (2024) and Ito & Teglas (1986).
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Stability analysis



Approximating the characteristic roots

{𝑠 ∈ ℂ | det(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠) = 0} ≈ {𝑠 ∈ ℂ | det(𝑠𝐸𝑁 − 𝐴𝑁) = 0}

See Ito (1985).
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Connection to collocation

( 𝜀0
𝒯︀𝑁−1

) ̇𝜉𝑡𝑁 = (
∑𝑚

𝑘=0 𝐴𝑘 𝜀−𝜏𝑘

𝒟︀
) 𝜉𝑡𝑁 + (𝐵

𝟎) 𝐮(𝑡),

𝐲𝑁(𝑡) = 𝐶𝜀0𝜉𝑡𝑁 .
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Connection to collocation

̇𝜉𝑡𝑁(𝜃 ) − 𝐜𝜑𝑁(𝜃) = d
d𝜃

𝜉𝑡𝑁(𝜃 )

See Lanczos (1938).
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Connection to collocation

̇𝜉𝑡𝑁(𝜃𝑘 ) = d
d𝜃

𝜉𝑡𝑁(𝜃𝑘 )

We can reuse results, in particular:

𝜑𝑁  with ‘good’ zeroes ⟹ geometric convergence of roots.

See Breda et al. (2015, Theorem 5.1).
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Self-nesting

As span {𝜑𝑘 }𝑁1
𝑘=0 ⊂ span {𝜑𝑘 }𝑁2

𝑘=0 for 𝑁1 < 𝑁2 ⟹ trivially self-nesting:

𝐸4 =

[




1
1

1

1

1

1

1

1

1

]


, 𝐴4 =

[




−2
2

−2

6
2

1

−2

6

14
]


.
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Self-nesting

As span {𝜑𝑘 }𝑁1
𝑘=0 ⊂ span {𝜑𝑘 }𝑁2

𝑘=0 for 𝑁1 < 𝑁2 ⟹ trivially self-nesting:

𝐸5 =

[




1
1

1

1

1

1

1

1

1

1

1

]


, 𝐴5 =

[




−2
2

−2

6
2

1

−2

6

14

2

1

18]


.
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Ultraspherical methods

We have d
d𝜃

𝑇𝑘 = 𝑘𝑈𝑘−1. 
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Ultraspherical methods

We have d
d𝜃

𝑇𝑘 = 𝑘𝑈𝑘−1. Choose 𝜑𝑘 = 𝑈𝑘 , but represent input in {𝑇𝑘 }𝑁
𝑘=0.

See Jarlebring et al. (2010).
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Ultraspherical methods

We have d
d𝜃

𝑇𝑘 = 𝑘𝑈𝑘−1. Choose 𝜑𝑘 = 𝑈𝑘 , but represent input in {𝑇𝑘 }𝑁
𝑘=0.

Nonzeroes of 𝐸𝑁  and 𝐴𝑁 .

See Jarlebring et al. (2010).
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Implicit rational approximation

𝐺(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠 )−1𝐵.
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Implicit rational approximation

𝐺(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠 )−1𝐵.

𝜏 = 𝜏𝑚 𝜏 = 𝜏1
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Implicit rational approximation

𝐺𝑁(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑟𝑁(𝑠, −𝜏𝑘 ))−1𝐵.

𝜏 = 𝜏𝑚 𝜏 = 𝜏1

See P. & Michiels (2024).
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Implicit rational approximation

𝐺𝑁(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑟𝑁(𝑠, −𝜏𝑘 ))−1𝐵,

where

{𝑟𝑁(𝑠, 0) = 1,
𝒟︀𝑟𝑁(𝑠, ⋅ ) = 𝑠𝒯︀𝑁−1𝑟𝑁(𝑠, ⋅ ).

See P. & Michiels (2024).
9



Implicit rational approximation

𝐺𝑁(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑟𝑁(𝑠, −𝜏𝑘 ))−1𝐵.

where

𝑟𝑁(𝑠, 𝜃) =
∑𝑁

𝑘=0 𝜑(𝑁−𝑘)
𝑁 (𝜃) 𝑠𝑘

∑𝑁
𝑘=0 𝜑(𝑁−𝑘)

𝑁 (0) 𝑠𝑘
.

See P. & Michiels (2024).
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???  approximation for 𝑚 = 1

Take 𝜑𝑁(𝜃) = 𝑃∗
𝑁(𝜃), then

𝑟𝑁(𝑠, −𝜏𝑚) = ⋯ =
𝐹1 1[−𝑁, −2𝑁, −𝜏𝑚𝑠]
𝐹1 1[−𝑁, −2𝑁, 𝜏𝑚𝑠]

.

⋯ = tedious steps, see P. & Michiels (2024).
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Padé approximation for 𝑚 = 1

Take 𝜑𝑁(𝜃) = 𝑃∗
𝑁(𝜃), then

𝑟𝑁(𝑠, −𝜏𝑚) = ⋯ =
𝐹1 1[−𝑁, −2𝑁, −𝜏𝑚𝑠]
𝐹1 1[−𝑁, −2𝑁, 𝜏𝑚𝑠]

.

This is the 𝑁th diagonal Padé approximant of 𝑒−𝜏𝑚𝑠 !

⋯ = tedious steps, see P. & Michiels (2024).
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Preservation of stability for 𝑚 = 1

1. Diagonal Padé approximants of 𝑒−𝜏𝑠  satisify

|𝑟𝑁(𝑠, −𝜏)| ≤ 1 for 𝑠 ∈ ℂ≥0

See Ito (1985) and P. & Michiels (2026).
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1. Diagonal Padé approximants of 𝑒−𝜏𝑠  satisify

|𝑟𝑁(𝑠, −𝜏)| ≤ 1 for 𝑠 ∈ ℂ≥0

Remember: det(𝑠𝐸𝑁 − 𝐴𝑁) = det(𝑠𝐼𝑛 − 𝐴0 − 𝐴1𝑟𝑁(𝑠, −𝜏)).

See Ito (1985) and P. & Michiels (2026).
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Preservation of stability for 𝑚 = 1

1. Diagonal Padé approximants of 𝑒−𝜏𝑠  satisify

|𝑟𝑁(𝑠, −𝜏)| ≤ 1 for 𝑠 ∈ ℂ≥0

⟹ roots on RHP are bounded by some constant 𝑀.

2. Characteristic roots converge on compact sets.

Theorem

A Lanczos tau discretization of a exponentially stable singe delay 

system using a Legendre basis is stable for 𝑁 sufficiently large.

See Ito (1985) and P. & Michiels (2026).
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The 𝐻2-norm



Approximating the 𝐻2-norm

For exponentially stable systems

‖𝐺‖𝐻2 = ( 1
2𝜋

∫
∞

−∞
‖𝐺(𝑖𝜔)‖2

𝐹 d𝜔)
1
2
.

See Vanbiervliet et al. (2011).
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Approximating the 𝐻2-norm

For exponentially stable systems

‖𝐺‖𝐻2 = ( 1
2𝜋

∫
∞

−∞
‖𝐺(𝑖𝜔)‖2

𝐹 d𝜔)
1
2
.

Idea: ‖𝐺‖𝐻2 ≈ ‖𝐺𝑁‖𝐻2 = √tr(𝐶𝑁𝑉𝐶𝑇
𝑁), where

𝐴𝑁𝑉𝐸𝑇
𝑁 + 𝐸𝑁𝑉𝐴𝑇

𝑁 = −𝐵𝑁𝐵𝑇
𝑁 .

See Vanbiervliet et al. (2011).
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Convergence rates

𝑚 = 2
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Convergence rates

𝑚 = 1
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Convergence rates

𝑚 = 1
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A hint

Under symmetry 𝜑(𝑁−𝑘)
𝑁 (−𝜏𝑚) = (−1)𝑘 𝜑(𝑁−𝑘)

𝑁 (0).
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|𝑟𝑁(𝑖𝜔, −𝜏𝑚)| = 1.
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A hint

Under symmetry 𝜑(𝑁−𝑘)
𝑁 (−𝜏𝑚) = (−1)𝑘 𝜑(𝑁−𝑘)

𝑁 (0), thus

|𝑟𝑁(𝑖𝜔, −𝜏𝑚)| = 1 = |𝑒−𝜏𝑚𝑖𝜔 |.
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Super convergence

Let 𝑚 = 1 and 𝐴0 = 𝐴1 = 𝑎 < 0.

See P. & Michiels (2024).
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Super convergence
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Extension: Accelerating convergence using splines

−𝜏3 −𝜏2 −𝜏1 −𝜏0

See P., & Michiels, W. (2025). Accelerated 𝐻2-norm approximation for time-delay systems with 

discrete delays. Proc 19th IFAC Workshop Time Delay Syst, 93–98.
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Extension: Delay differential algebraic equations

𝐸𝐱̇(𝑡) = ∑
𝑚

𝑘=0
𝐴𝑘 𝐱(𝑡 − 𝜏𝑘 ) + 𝐵𝐮(𝑡),

𝐲(𝑡) = 𝐶𝐱(𝑡).

See P., & Michiels, W. (2026). Computing and optimizing the 𝐻2-norm of delay differential 

algebraic systems. arXiv. https://arxiv.org/abs/2603.10734
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Conclusions

Discretize-first spectral methods work great for global characteristics 

of linear time-delay systems: e.g. stability analysis and the 𝐻2-norm.

Symmetry improves convergence for the 𝐻2-norm of single delay 

systems.*

For theoretical guarantees: use a Legendre basis due to its connection 

to Padé approximation.

For large scale problems: use Chebyshev polynomials of the second 

kind (i.e. infinite Arnoldi).

*Not in this talk: this can be extended to multiple discrete delays through the use 

of splines.
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