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Computing the spectrum: Computing the H?-norm:
find s € C such that | [ 1
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Idea: use a delay-free ‘proxy’ model.



Today’s model

X(t) = i AX(t — 1) + Bu(t),
k=0

y(t) = Cx(t).



Today’s model

X(t) = i AX(t — 1) + Bu(t),
k=0

y(t) = Cx(t),

with transfer function

G(s) =C(sI,- >, Ae *)1B.



The advection PDE perspective
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The advection PDE perspective



The advection PDE perspective = the discretization

See P. & Michiels (2024) and Ito & Teglas (1986).
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The advection PDE perspective = the discretization

As @ (0) # 0O, ker gy N ker T4 is trivial.

See P. & Michiels (2024) and Ito & Teglas (1986).
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Stability analysis




Approximating the characteristic roots

{s € C|det(sI, — Y, Ace ™**) =0} =~ {s € C|det(sEy — Ay) = 0}

See Ito (1985).
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See Ito (1985).
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Approximating the characteristic roots

{s € C|det(sI, - Y, Ace **) =0} =~ {s € C|det(sEy — Ay) = 0}
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Connection to collocation



Connection to collocation

étN(e ) —con(B) = EtN( )

See Lanczos (1938).
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Connection to collocation

En(00) = ZE(0))

See Lanczos (1938).
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Connection to collocation

En(00) = ZE(0))

We can reuse results, in particular:

@y With ‘good’ zeroes = geometric convergence of roots.

See Breda et al. (2015, Theorem 5.1).
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Self-nesting

As span {@ JiL, C span {@}r2, for Ny < N, = trivially self-nesting:
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Ultraspherical methods

We have %Tk = kU, _;.



Ultraspherical methods

We have %Tk = kU,_;. Choose ¢, = Uj, but represent input in {T,},"_.

See Jarlebring et al. (2010).
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Ultraspherical methods

We have %Tk = kU,_;. Choose ¢, = U, but represent input in {T, }"_.
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See Jarlebring et al. (2010).
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Implicit rational approximation

G(s) =C(sI, - > oA ™ )~'B.



Implicit rational approximation
G(s) =C(sI, - > oA ™ )~'B.
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Implicit rational approximation
Gy(s) = C(SIn — 2 ko AkrN(S’ _Tk))_lB°
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See P. & Michiels (2024).
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Implicit rational approximation
Gn(s) = C(sI, - 2 k=0 Airn(s, —Tk))_lB’

where

ry(s,0) =1,
DrN(S’°) — Sm—er(S’°)°

See P. & Michiels (2024).
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Implicit rational approximation
Gn(s) = C(sI, - 2 k=0 Airn(s, —Tk))_lB-

where

See P. & Michiels (2024).
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?2?? approximation form =1

Take @y (0) = Py (0), then

F1[-N,=2N, -7,,s]
JF1[-N,—2N,t,s]

(s, —Tp,) = - =

.-- = tedious steps, see P. & Michiels (2024).
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Padé approximation form =1

Take @y (0) = Py (0), then

F1[-N,=2N, -7, 5]
JF1[-N,—2N,t,s]

(s, —Tp,) = - =

This is the Nth diagonal Padé approximant of e~ 'm°!

... = tedious steps, see P. & Michiels (2024).
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Preservation of stability form =1

1. Diagonal Padé approximants of e™*° satisify

Iry(s,—T)| <1 for seC,

See Ito (1985) and P. & Michiels (2026).
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Preservation of stability form =1

1. Diagonal Padé approximants of e™*° satisify

Iry(s,—T)| <1 for seC,

Remember: det(sEy — Ay) = det(sI, — Ag — Ayry(s,—1)).

See Ito (1985) and P. & Michiels (2026).
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Preservation of stability form =1

1. Diagonal Padé approximants of e™*° satisify

Iry(s,—T)| <1 for seC,

= roots on RHP are bounded by some constant M.

See Ito (1985) and P. & Michiels (2026).
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Preservation of stability form =1

1. Diagonal Padé approximants of e™*° satisify
Iry(s,—T)| <1 for seC,
= roots on RHP are bounded by some constant M.

2. Characteristic roots converge on compact sets.

See Ito (1985) and P. & Michiels (2026).
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Preservation of stability form =1

1. Diagonal Padé approximants of e™*° satisify

Iry(s,—T)| <1 for seC,
= roots on RHP are bounded by some constant M.

2. Characteristic roots converge on compact sets.

Theorem
A Lanczos tau discretization of a exponentially stable singe delay
system using a Legendre basis is stable for N sufficiently large.

See Ito (1985) and P. & Michiels (2026).
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The H?-norm




Approximating the H?-norm

For exponentially stable systems
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See Vanbiervliet et al. (2011).
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Approximating the H?-norm

For exponentially stable systems

1

1 [° : 2
6l = (2 [ 160wz dul”

Idea: [|Glly2 = lIGyllz = \/tr(chc,E), where

ANVES + EyVAL = —ByBl.

See Vanbiervliet et al. (2011).
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Convergence rates

rel. err. |G|l 42
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Convergence rates

rel. err. ||G||»2
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A hint

Under symmetry cpNN_k)(—rm)
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A hint

Under symmetry cpNN_k)(—Tm) =

Iry(iw, —1,)| = 1.
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A hint

Under symmetry cpNN_k)(—rm) = (-1)* oy

Iry(iw, —1,,)| = 1= |e ™.
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Super convergence

letm=1and Aj=A; =a<0.

See P. & Michiels (2024).
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Super convergence

Letm=1and A;j = A; =a <0, then
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See P. & Michiels (2024).
15



Super convergence

Letm=1and A;j = A; =a <0, then
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See P. & Michiels (2024).
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Extension: Accelerating convergence using splines

See P., & Michiels, W. (2025). Accelerated H%-norm approximation for time-delay systems with
discrete delays. Proc 19th IFAC Workshop Time Delay Syst, 93-98.
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Extension: Accelerating convergence using splines

—T5 -1, -1 —T;
—T5 -1, -1 —T;

See P, & Michiels, W. (2025). Accelerated H?-norm approximation for time-delay systems with
discrete delays. Proc 19th IFAC Workshop Time Delay Syst, 93-98.
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Extension: Accelerating convergence using splines

100 | --- Symm. poly
—— Symm. spline
-_ oy, —_— - - -
-_—y
107 N> T~ -,
} } } — %
13 e —T —To o
'~ 1078
-
U 5
Ko
-
/WI\/V[\/\/ "
} } } —
10—16 n
_TB _T2 _Tl _TO | | | |
100.0 100.5 101.0 101.5
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Extension: Delay differential algebraic equations

EX(t) = i Ax(t - 1,) + Bu(t),
k=0

y(t) = Cx(t).

See P, & Michiels, W. (2026). Computing and optimizing the H?-norm of delay differential
algebraic systems. arXiv. https://arxiv.org/abs/2603.10734
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Extension: Delay differential algebraic equations
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See P, & Michiels, W. (2026). Computing and optimizing the H?-norm of delay differential
algebraic systems. arXiv. https://arxiv.org/abs/2603.10734
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Extension: Delay differential algebraic equations
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See P, & Michiels, W. (2026). Computing and optimizing the H?-norm of delay differential
algebraic systems. arXiv. https://arxiv.org/abs/2603.10734
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Conclusions

Discretize-first spectral methods work great for global characteristics
of linear time-delay systems: e.g. stability analysis and the H*-norm.

Symmetry improves convergence for the H2-norm of single delay
systems.*

For theoretical guarantees: use a Legendre basis due to its connection
to Padé approximation.

For large scale problems: use Chebyshev polynomials of the second
kind (i.e. infinite Arnoldi).

"Not in this talk: this can be extended to multiple discrete delays through the use
of splines.
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