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Why delay?

Plant feedback
(500ms)

exposure 3 days

1
(More examples: Sipahi et al. [2].)
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Delay differential systems

RDDE state space

�̇�(𝑡) = 𝐴0𝐱(𝑡) + 𝐴1𝐱(𝑡 − 𝜏) + 𝐵𝐮(𝑡),
𝐲(𝑡) = 𝐶𝐱(𝑡).

Transfer function

𝐻(𝑠) = 𝐶(𝑠𝐼𝑛 − 𝐴0 − 𝐴1𝑒−𝜏𝑠)
−1𝐵.
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A functional differential equation
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PDE formulation

{
�̇�𝑡(0) = 𝐴0𝜉𝑡(0) + 𝐴1𝜉𝑡(−𝜏) + 𝐵𝐮(𝑡),
�̇�𝑡(𝜃) =

d
d𝜃
𝜉𝑡(𝜃),

𝐲(𝑡) = 𝐶𝜉𝑡(0),

where 𝜉𝑡 ∶ [−𝜏, 0] → ℂ𝑛,
𝜃 ↦ 𝐱(𝑡 + 𝜃).
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4
(See Breda et al. [3] for collocation.)



Why Lanczos tau?
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Lanczos tau discretization

( 𝜀0𝐼 ) �̇�𝑡 = (𝐴0𝜀0 + 𝐴1𝜀−𝜏𝒟 ) 𝜉𝑡 + (𝐵𝟎) 𝐮(𝑡),

𝐲(𝑡) = 𝐶𝜀0𝜉𝑡,

with 𝜀𝜃𝜉 = 𝜉(𝜃) and (𝒟𝜉)(𝜃) = d
d𝜃
𝜉(𝜃).

Note, ( 𝜀0
𝒯𝑁−1 ) is always invertible.
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Lanczos tau discretization

( 𝜀0𝒯𝑁−1
) �̇�𝑡𝑁 = (

𝐴0𝜀0 + 𝐴1𝜀−𝜏
𝒟 ) 𝜉𝑡𝑁 + (

𝐵
𝟎) 𝐮(𝑡),

𝐲(𝑡) ≈ 𝐶𝜀0𝜉𝑡𝑁,

with 𝒯𝑁−1𝜉 = 𝜉 − ⟨𝜉, 𝜙𝑁⟩ 𝜙𝑁.

Note, ( 𝜀0
𝒯𝑁−1 ) is always invertible.

6
(Initially presented by Ito and Teglas [4].)



Interpretation in frequency domain

�̇�(𝑡) = 𝐴0𝐱(𝑡) + 𝐴1𝐱(𝑡 − 𝜏) + 𝐵𝐮(𝑡)
𝐲(𝑡) = 𝐶𝐱(𝑡)
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𝑁
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𝐲

𝑁
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𝑁
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𝜉𝑡 (𝜃) = 𝐱(𝑡 + 𝜃)𝜉𝑡 (𝜃) = 𝐱(𝑡 + 𝜃)

𝐻(𝑠) = 𝐶(𝑠𝐼𝑛 − 𝐴0 − 𝐴1𝑒−𝜏𝑠)
−1𝐵 𝐻𝑁(𝑠) = 𝐶(𝑠𝐼𝑛 − 𝐴0 − 𝐴1𝑟𝑁(𝑠, −𝜏))

−1𝐵

Laplace
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(See Vanbiervliet et al. [5].)



In the complex plane

𝑠 ↦ 𝑒−𝜏𝑠 with 𝜏 = 1 𝑠 ↦ 𝑟𝑁(𝑠, −𝜏) with 𝜙𝑘 = 𝑃𝑘, 𝜏 = 1, and 𝑁 = 5
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In the complex plane

𝑠 ↦ 𝑒−𝜏𝑠 with 𝜏 = 1 𝑠 ↦ 𝑟𝑁(𝑠, −𝜏) with 𝜙𝑘 = 𝑃𝑘, 𝜏 = 1, and 𝑁 = 7
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Padé approximation

Theorem
For the choice of {𝑃𝑘}𝑁𝑘=0 as basis, 𝑟𝑁(𝑠, −𝜏) is an (𝑁, 𝑁) Padé approximant of
𝑠 ↦ 𝑒−𝜏𝑠 around zero.

Corollary

Then 𝐻𝑁 is 𝐻 with 𝑠 ↦ 𝑒−𝜏𝑠 replaced by an (𝑁, 𝑁) Padé approximant around zero.
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Sparse, self-nesting discretizations

Clearly span {𝜙𝑘}
𝑁1
𝑘=0 ⊂ span {𝜙𝑘}

𝑁2
𝑘=0 for 𝑁1 < 𝑁2, hence easy self-nesting.

Choose 𝜙𝑘 = 𝑈𝑘, but represent input with respect to {𝑇𝑘}𝑁𝑘=0, then

5 10 15 20
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10

15

20

5 10 15 20

5

10

15

20

Simple example of an (ℰ𝑁, 𝒜𝑁) pencil at 𝑛(𝑁 + 1) = 22.

10
(See Jarlebring et al. [6] and Olver and Townsend [7].)
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An application: the 𝐻2-norm

What is the energy of
the impulse response?

What is the steady-state power of
the output response to unit white noise?

(Compare: 𝐻∞-norm is the maximal amplification.)
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The 𝐻2-norm

Definition (stable system)

‖𝐻‖𝐻2 = (
1
2𝜋 ∫

+∞

−∞
‖𝐻(𝑖𝜔)‖

2

𝐹
d𝜔)

1
2
,

where 𝐻(𝑠) = 𝐶(𝑠𝐼𝑛 − 𝐴0 − 𝐴1𝑒−𝜏𝑠)
−1𝐵.
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Computing the 𝐻2-norm of an ODE

𝐸�̇�(𝑡) = 𝐴𝐱(𝑡) + 𝐵𝐮(𝑡),
𝐲(𝑡) = 𝐶𝐱(𝑡),

with 𝐸 invertible.

‖𝐻‖𝐻2 = √tr(𝐶𝑉𝐶𝑇), where

𝐴𝑉𝐸𝑇 + 𝐸𝑉𝐴𝑇 = −𝐵𝐵𝑇.

13
(See Zhou et al. [8, Lemma 4.6].)



Approximating the 𝐻2-norm of a RDDE

ℰ𝑁�̇�(𝑡) = 𝒜𝑁𝐱(𝑡) +ℬ𝑁𝐮(𝑡),
𝐲(𝑡) ≈ 𝒞𝑁𝐱(𝑡),

with ℰ𝑁 invertible.

‖𝐻‖𝐻2 ≈ √tr(𝒞𝑁𝑉𝒞
𝑇
𝑁), where

𝒜𝑁𝑉ℰ𝑇𝑁 + ℰ𝑁𝑉𝒜𝑇
𝑁 = −ℬ𝑁ℬ𝑇

𝑁.

14
(See Vanbiervliet et al. [5].)



Convergence
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Polynomial formulation

As ℙ𝑛𝑁 ≅ ℂ𝑛𝑁

we have ℙ𝑛𝑁 ⊗ ℙ𝑛𝑁 ≅ ℂ𝑛𝑁×𝑛𝑁, namely

𝑈(𝜃, 𝜃′) = ∑𝑗,𝑘 𝑉𝑗𝑘 𝜙𝑗(𝜃)𝜙𝑘(𝜃
′) ∈ ℂ𝑛×𝑛.

‖𝐻‖𝐻2 ≈ ‖𝐻𝑁‖𝐻2 = √tr(𝒞𝑁𝑉𝒞
𝑇
𝑁), where
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some constraints on 𝑈.
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Symmetry is important
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Symmetry is important

Assumption

𝜙𝑘(−𝜏 − 𝜃) = (−1)𝑘𝜙𝑘(𝜃), ∀𝜃 ∈ [−𝜏, 0].

18



Symmetry is important

Assumption

𝜙𝑘(−𝜏 − 𝜃) = (−1)𝑘𝜙𝑘(𝜃), ∀𝜃 ∈ [−𝜏, 0].

Proposition

Under this assumption
|𝑟𝑁(𝑖𝜔, −𝜏)| = 1, ∀𝜔 ∈ ℝ.

18



Super convergence
Let 𝐴0 = 𝐴1 = 𝑎 < 0,

then
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Super convergence
Let 𝐴0 = 𝐴1 = 𝑎 < 0, then

100.0 100.5 101.0 101.5 102.0
0.0

0.2

0.4
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0.8
|H(i )|
|H1(i )|
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Contributions

Operator formulation of the Lanczos tau method for time-delay systems.

Equivalence to rational approximation in frequency domain, with explicit
expressions.*

Construction of sparse, self-nesting discretizations.

Equivalence to pseudospectral collocation, with the non-zero collocation points
the zeroes of 𝜙𝑁.*

Equivalence to Padé approximation when using a Legendre basis.

Illustrated super-geometric convergence, and proved for some cases super
convergence,* for the 𝐻2-norm.

*Not in this talk, see E. Provoost and W. Michiels. The Lanczos Tau Framework for Time-Delay
Systems: Padé Approximation and Collocation Revisited. 2024. arXiv: 2403.03895 [math.NA].
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