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The backstory

𝑚 = 1
See Provoost and Michiels (2024).
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The backstory

𝑚 = 1
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The backstory

𝑚 > 1

𝑚 = 1 is required

See Provoost and Michiels (2024).
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�̇�(𝑡) = ∑𝑚
𝑘=0 𝐴𝑘 𝐱(𝑡 − 𝜏𝑘 ) + 𝐵𝐮(𝑡),

𝐲(𝑡) = 𝐶𝐱(𝑡),

where 𝜏0 = 0, and

𝐺(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠)−1𝐵.
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The delay-free case

If 𝑚 = 0, we have

‖𝐺‖𝐻2 = √tr(𝐶𝑉𝐶𝑇 ),

where 𝑉 solves

𝐴0𝑉 + 𝑉𝐴𝑇
0 = −𝐵𝐵𝑇 .
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The delay-free case → delay case

If 𝑚 = 0, we have

‖𝐺‖𝐻2 = √tr(𝐶𝑉𝐶𝑇 ),

where 𝑉 solves

𝐴0𝑉 + 𝑉𝐴𝑇
0 = −𝐵𝐵𝑇 .

𝑚 ≠ 0 ⟹ use the 𝐻2-norm of a delay-free approximation.

See Vanbiervliet, Michiels, and Jarlebring (2011).
3



Head-tail representation

−𝜏𝑚 𝑡
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0
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Head-tail representation

−𝜏𝑚 𝑡′ − 𝜏𝑚 𝑡′ 𝑡

𝐱(𝑡)

0

𝜉0 𝜉𝑡′
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Lanczos tau method

�̇�(𝑡) = ∑𝑚
𝑘=0 𝐴𝑘 𝐱(𝑡 − 𝜏𝑘 ) + 𝐵𝐮(𝑡),

𝐲(𝑡) = 𝐶𝐱(𝑡).

See Ito and Teglas (1986) and Provoost and Michiels (2024).
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Lanczos tau method

{
̇𝜉𝑡 (0) = ∑𝑚

𝑘=0 𝐴𝑘 𝜉𝑡 (−𝜏𝑘 ) + 𝐵𝐮(𝑡),
̇𝜉𝑡 (𝜃) = d

d𝜃
𝜉𝑡 (𝜃),

𝐲(𝑡) = 𝐶𝜉𝑡 (0),

where 𝜉𝑡 (𝜃) = 𝐱(𝑡 + 𝜃) with 𝜃 ∈ [−𝜏𝑚 , 0].

See Ito and Teglas (1986) and Provoost and Michiels (2024).
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Lanczos tau method

( 𝜀0
Id ) ̇𝜉𝑡 = (∑𝑚

𝑘=0 𝐴𝑘 𝜀−𝜏𝑘
𝒟 ) 𝜉𝑡 + (𝐵

𝟎) 𝐮(𝑡),

𝐲(𝑡) = 𝐶𝜀0𝜉𝑡 ,

where 𝜀𝜃𝜉 = 𝜉(𝜃) and 𝒟𝜉(𝜃) = d
d𝜃

𝜉(𝜃).

See Ito and Teglas (1986) and Provoost and Michiels (2024).
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Lanczos tau method

( 𝜀0
𝒯𝜑𝑁

) ̇𝜉𝑡𝑁 = (∑𝑚
𝑘=0 𝐴𝑘 𝜀−𝜏𝑘

𝒟 ) 𝜉𝑡𝑁 + (𝐵
𝟎) 𝐮(𝑡),

𝐲𝑁(𝑡) = 𝐶𝜀0𝜉𝑡𝑁 ,

where 𝒯𝜑𝑁
𝜉 = 𝜉 − ⟨𝜉, 𝜑𝑁⟩ 𝜑𝑁

‖𝜑𝑁‖2 .

See Ito and Teglas (1986) and Provoost and Michiels (2024).
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Convergence

𝑚 = 1 𝑚 > 1
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In the frequency domain

𝐺(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑒−𝜏𝑘𝑠 )−1𝐵

 𝜏𝑚  𝜏1
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In the frequency domain

𝐺𝑁(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑟𝑁(𝑠, −𝜏𝑘 ))−1𝐵

 𝜏𝑚

See Provoost and Michiels (2024).
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In the frequency domain

𝐺𝑁(𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚
𝑘=0 𝐴𝑘 𝑟𝑁(𝑠, −𝜏𝑘 ))−1𝐵

 𝜏𝑚  𝜏1

See Provoost and Michiels (2024).
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Splines

−𝜏3 −𝜏2 −𝜏1 −𝜏0
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Splines

−𝜏3 −𝜏2 −𝜏1 −𝜏0

⇓

−𝜏3 −𝜏2 −𝜏1 −𝜏0
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Spline Lanczos tau method

(

𝜀 (1)
0

(𝒯 (𝑘)
𝜑𝑘,𝑁

)
𝑚

𝑘=1

(𝜀 (𝑘)
−𝜏𝑘

− 𝜀 (𝑘+1)
−𝜏𝑘

)
𝑚−1

𝑘=1

) Ξ̇𝑡𝑁 = (
𝐴0𝜀 (1)

0 + ∑𝑚
𝑘=1 𝐴𝑘 𝜀 (𝑘)

−𝜏𝑘

(𝒟(𝑘))𝑚
𝑘=1

(𝟎)𝑚−1
𝑘=1

) Ξ𝑡𝑁 + (
𝐵
𝟎
𝟎

) 𝐮(𝑡),

𝐲𝑁(𝑡) = 𝐶𝜀 (1)
0 Ξ𝑡𝑁 ,

where Ξ𝑡𝑁 = {𝜉 (𝑘)
𝑡𝑁 : [−𝜏𝑘 , −𝜏𝑘−1] → ℂ𝑛}𝑚

𝑘=1 is a continuous spline.

See also Ito and Teglas (1987) and Breda, Maset, and Vermiglio (2005).
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Spline Lanczos tau method

(

𝜀 (1)
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(𝒯 (𝑘)
𝜑𝑘,𝑁

)
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𝑘=1 𝐴𝑘 𝜀 (𝑘)

−𝜏𝑘

(𝒟(𝑘))𝑚
𝑘=1

−(𝜀 (𝑘)
−𝜏𝑘

− 𝜀 (𝑘+1)
−𝜏𝑘

)
𝑚−1

𝑘=1

) Ξ𝑡𝑁 + (
𝐵
𝟎
𝟎

) 𝐮(𝑡),

𝐲𝑁(𝑡) = 𝐶𝜀 (1)
0 Ξ𝑡𝑁 ,

where Ξ𝑡𝑁 = {𝜉 (𝑘)
𝑡𝑁 : [−𝜏𝑘 , −𝜏𝑘−1] → ℂ𝑛}𝑚

𝑘=1 is a continuous spline.

See also Ito and Teglas (1987) and Breda, Maset, and Vermiglio (2005).
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Convergence

𝜏1 = 1,  𝜏2 = 1.9
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In the frequency domain

𝐺spl
𝑁 (𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚

𝑘=0 𝐴𝑘 𝑟 (𝑘)
𝑁 (𝑠, −𝜏𝑘 ))

−1
𝐵

 𝜏1
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In the frequency domain

𝐺spl
𝑁 (𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚

𝑘=0 𝐴𝑘 𝑟 (𝑘)
𝑁 (𝑠, −𝜏𝑘 ))

−1
𝐵

 𝜏2  𝜏1
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Convergence (equidistant)

𝜏1 = 1,  𝜏2 = 2
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In the frequency domain

𝐺spl
𝑁 (𝑠) = 𝐶(𝑠𝐼𝑛 − ∑𝑚

𝑘=0 𝐴𝑘 𝑟 (𝑘)
𝑁 (𝑠, −𝜏𝑘 ))

−1
𝐵

 𝜏2 = 2𝜏1  𝜏1
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Contributions

Partially extended super-geometric convergence of the 𝐻2-norm to
multiple discrete delays using splines.

Attained super-geometric convergence for commensurate delays.

Showed that the underlying approximation of 𝑒−𝜏𝑘𝑠  uses additional
poles in each earlier delay intervals.

Derived explicit expressions for this rational approximation.*

Showed that |𝑟 (𝑘)
𝑁 (𝑖𝜔, −𝜏𝑘 )| = 1 for all 𝑘  and 𝜔 ∈ ℝ.*

*Not covered in this talk.
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